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The NTD-method is a procedure to compute differences of eigenvalues in quantum mechanical

problems: weg=21q—1p.

It is an instruction to transform and truncate an infinite linear system of eigenvalue equations
@ t%F=3 A¥kp7m which is derived with the aid of fundamental field equations or corresponding

. m

Hamilton-operators, as e.g. with Heisenberg’s nonlinear spinor equation. In this paper we want
to test the NTD-method for a many-body-model in solid state physics. We elaborate on the physical
and mathematical aspects by choosing a suitable transformation 7— @=C 7 to get a new linear

system @ @k=3" BFy,o;@k+2i which permits a truncation to evaluate approximation of states.

i= -

The efficiency of this method is demonstrated by treating a two-body-system in presence of

polarisation quanta, known as exciton model.

During the last years the New-Tamm-Dancoff-
method (NTD-method) was used to compute ele-
mentary particle states in Heisenberg’s nonlinear
spinor theory!. In that procedure, however, one
encounters some mathematical and physical prob-
lems, which can be demonstrated with the aid of
quantum mechanical and field theoretical models.
This was done in full length in the case of the un-
harmonic oscillator 2. It seems to be useful to apply
the NTD-method to nonrelativistic many-body-
problems in solid state physics. So far most of these
models have been evaluated with known quan-
tum mechanical methods. We now want to com-
pare these with the corresponding states inNTD-
formalism. This may be a first step to obtain
a depper understanding of the physical as well
as the mathematical problems involved, in par-
ticular, since NTD is connected with non-selfadjoint
but unbounded operators of a type, which have not
yet been investigated by the mathematicians.

We define: A NTD-system for many-body-
problems is an infinite system of coupled differen-
tial or integral equations for computing energy
differences

wuﬂ=Ea—Eﬂ.

In field theoretical formulation, for instance, it con-
nects the so-called 7-functions 3

g (... 71) = (a| Ty (z)).. . 9 (2a)
“Y* (Tns1). . P* (21)| B)

with each other.

(|a) and |B) are eigenstates of the problem, v
and y* are field operators and T is a time-ordering
operator.) This “7-system’” arises with the aid of
a fundamental field equation, or the corresponding
Hamilton operator, and has the symbolical form

wtF= AF, o724 AR, ok 4 AR, o 7F-2,

This infinite system is linear, in contrast to the
method of Green’s-functions, but it is not possible
to truncate the system to generate a finite one, which
might be suited to performing approximations of
physical states. Only an appropriate linear trans-
formation, the so-called @-transformation, permits
finally such a truncation. Therefore we give a second
definition:

NTD-method is an instruction to handle
the 7-system, before a truncation is introduced. It
has the form of Wick’s normal-ordering relative to
a groundstate specifying the proper inequivalent
representation.

In solid state physics this concept allows a clear
physical interpretation. For the electronic part we
are able to give a formulation in analogy to non-
linear spinor theory, but without the problems of
relativistic invariance. Now we can work on familiar
ground of known solid state models. Especially the
exciton and the electronic polaron model are ap-
propriate to demonstrate the physical and mathe-
matical problems connected with the NTD-method.
For that reason we introduce an approximation for
the exciton, suited to compare it with the ansatz
of Haken’s exciton model 4.
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§ 1. The Hamiltonian in the Hermitean Field
Operators

We begin with the Hamiltonian

@=S¢+<r)[ R

> Tr_R,| p(r)dr

+3{|p e ) e dn
(1.1)
which gives a description of a non-relativistic Fermi
field in the potential of charged nuclei at the lattice
points R;. The electronic field ¢(r) may be ex-
panded in one-electron-functions w,;(r) localized
at the lattice points m and denoted by quantum
numbers Z, which describes, e. g. enervybands

@) =2 wmi(*) Ymi = Zwm ) ¥m (1.2)
my
w, (T) is a row vector consisting of the functions

wmi(T) . W (r) = [wa (1)]7T is the corresponding
column vector of the complex conjugate functions

Wi (T). Ymi, Wih; are destruction and creation
operators which satisfy the anticommunication
relations

{Wmj, Wi} =0mnd;;. (1.3)
The one-electron-functions may be atom- or Wan-
nier functions

wmi (T) =vm; (F—m). (1.4)

Spin variables are neglected. We will also omit
those functions which characterize the continous
spectrum. Hence there remains only a finite or a
countable infinite set of quantum numbers i. The
special form of these functions is object of later
discussions.

The ansatz (1.2) inserted into (1.1) describes a
many-electron-problem in a crystal, where the lattice
coordinates are only parameters in the electronic
part and where attention is directed towards the
local properties of the crystal, e. g. to a perturbated
ionic crystal. The use of Wannier functions, in the
case of an ideal crystal is identical with a descrip-
tion by Bloch-functions. The Hamiltonian in
matrixform is

Z'lﬁ'+ Hmm' Ym + z'/ml/«n W mnn'm’ Y'n Ym
‘o’ (1. 5)
with matrixelements

Ho Sw,,. (r)(——zh dr+ Z|

66/

|)w.,.(r) dr
' (1.6)
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and

W mnnm = %SS Amm’ ("1) | 1‘ La ” l Ann (1'2) d‘tl d‘fg :
12

(1.7)
Here A m (T) is the matrix
Amm (T) = WL (M) Wm (1) = (wimi (1) wm(T)) .
(1.8)

In particular, the properties of Fermi operators
demand for the components of (1.7) specially

Wmi,mi,n'l,m’k = 0; Wmi,nj‘n'l,n'l =0. (1.9)

It is useful to construct Hermitean operators ®

(1.10)

A+ A

=Ym

by doubling the components
@m=U+(Z:'>, {{/\'mk, {,l\«’ml}=(§m.n 6];'_[. (1.11)

U is a unitary matrix

1 1
U=—r .

Vj 1—4
Now we also must double the Hamiltonian. Since
the symmetric part of a matrice vanish in an anti-
symmetric formulation of the whole problem, we

will construct only antisymmetric terms. Then we
can verify the following expression

(1.12)

.55 = % Z "I'rTn(Hmm‘ =+ Bmm')"’[)m‘

mm’

+ z yml:' Wmnnm 1/’n ',l'

+C  (1.13)
with
~ ~ (H + B) mm’ 0 )
Hmm’ Bmm’= U+< U

g 0 (H+Bhm
:UT( 0 —(H+B),T,,m,)U

(5 & B) sne 0

= — (Hom + Bl )» (1.14)

“ o2
Wmnnm = % SSAmm (ry) - l 1' IAm! (ry)dry dry,

Amm () =U+(A"'"(; o —A“,i(.)m' (r)>U, (1.15)
where
Amm (1) =W (1) Wi (1) = (win; () w5 (1))

(1.16)
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Bmm' =%”§ [Amm' (7;) Tr (4nn (15))

2

= A (1 Y Ao (7)) r = | drdre, (117)
123
1 i 5 e
= 52 r(Hmm) + Sn%‘“ Tr (Asem (7)) -y
Sl I (Ann (rz))d‘tl d‘[g, (118)
and  Tr(4nn (1)) =2 wi(Mw,(r). (1.19)

§ 2. A Functional-equation and the z-System

was

The New-Tamm-Dancoff-method (NTD)
invented to compute energy differences. For this
purpose we define the generating functional

n
%:&%:2}1, c, C=zﬁ£ Dp  (2.1)

where the 1 are vector variables with the folowing
anticommutation relations for their components

{ﬁm‘ ’ aqa'} =0; {ﬁpi,’;‘qf} =0

for all p and i, q and j. (2.2)

Moreover, we use operators ?P with the properties ®
{Opi» g} = 0p.g0ijs {Cpis iPai} =0, Sp|0) =
(2.3)

Here is | 0) the vacuum in U-space and the opera-
tors @, and 5,, are non-Hermitean operators which
anticommute with all v, 3. With 8 and the eigen-
states |a) and |B) we form the commutator

(a|[9,B]| B) = (Ea—Ez) («|B| )
= oo (a|B[B).

The computation of the left-hand side can conven-
tionally be achieved with the help of

[$,8B1]0) = ¥ (@K, 9)B|0)

which may be established with the relations

(2.4)
(2.5)

o o . 1 .. . iy, SR
ewtpme"C:Z—n—' [ZC, [iC, L.«.[ECpm]]---]

=@m+iﬁm (2.6)
and  OmB|0)=(iPm-3dm)B|0). (27)
Since Tr(Ann) =Tr(Hnn) =Tr(Bnn) =0 (2.8)
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holds, we find after some further steps
X (u A)% IO): { - Z ﬁza(ﬁmm +§mm')§m' +
mm’
+ Z (ﬁ’rrn a}: f&mnn’m' 5n' am’
"’ (2.9)
+i‘a?na£Wmnn’m’ in am') }SB | 0).
The 7-system is a system of matrix equations re-

sulting from (2.4), (2.5) and (2.9) by comparing
the powers of @} . For that reason we define

-] ln A ~ Al -
<a I % | ﬂ) = Z—Tzu}"nu;n—l' » 'u;l;n 1&.5(p1 pi’ = ‘pﬂ)
n=07: p,....p,
(2.10)
with the so-called 7-functions
s (pl P
=(a l Z (—1) "Pm,‘PN. ¢P1nlﬂ> . (2.11)

They are antlsymme'trlcal in all arguments. The 7’s
are vector components that belong to the basis
vectors Wp, ...Hp |0). The right-hand side of
(2.11) consists of the sum of all permutations of
Pp, .- Pp, .

We compare the coefficients simply by operating
of (0] 111 Opn, onto (2.5) from the left after multi-

plication with (a| and |B). Thus, we obtain the
matrix system

h ~
aﬂT«p (®;...17) =E 2> Wannm
=lnn'm’
Ty . m )i ' n)
k 2 ~
_ZIZ (Hnm' +Bﬂzm')taﬂ(‘n1. . -m’/i.. 1)
i=1lm’
+ Z, Z Wninjnj,m' (— ]_)P]]'
ijj’ m’
Ty .mfi. 1ff L] ). (212)

Here the symbol mM’/i means that in the position i
the argument n; will be replaced by m’. Further
the 1/j and 1/j’ stands for “defect operators”,
which point out that the j-th and the j'th arguments
are absent. Connected with this property is a sign
(—1)P#4', which is determined by the number of
permutations necessary to displace the defect
operators 1/j and 1/j' from the first and second
position to the j-th and the j-th position, respec-
tively.

(2.12) is a linear eigenwertproblem. The NTD-
method means the truncation of such a system at
a number k=N to compute approximations from
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the resulting N-dimensional part of the system. A
serious problem is the question whether such a
truncation process leads to physical interesting
results. Even if this is so, the importance of this
method depends on the possibility to work with
small N’s to elaborate the physical relevant ap-
proximations. Otherwise the complexity of the
truncated system prevents us from doing any cal-
culation. From investigations with the anharmonic
oscillator there exists some experience with this
method. One can demonstrate that a linear trans-
formation, the so-called ¢-transformation, is neces-
sary to obtain physical results. In our case, this
@-transformation has a physical meaning, too, and
we understand this by discussing the matrix ele-
ments of the lowest order equations which arise
succesively from the truncating of the transformed
system. By this process we obtain informations not

only about physical, but also about mathematical
problems of the NTD-method.

§ 3. The @-Transformation

The meaning of the “z-functions” is a set of
probability-amplitudes for manybody systems, or
more precisely, bilinear combinations of such am-
plitudes. We can demonstrate this by a normal-
ordering, which orders the creation parts in ¥ to
the left and the destruction parts to the right in
(2.11). An analysis shows that in order to compute
a many body problem, one needs an N comparable
with the whole number of electrons in the crystal.
Therefore, a computation of energy differences be-
tween excited states and the groundstate of the
crystal is practically impossible. A better standpoint
is the begin with an approximation for a real crys-
tal, represented by filled valence bands, and the
subsequent computation of energy differences be-
tween excited states and such an approximated
groundstate. This groundstate is automatically im-
proved in higher order approximations. We ob-
tain such a situation by normal-ordering the opera-
tors in (2.11) relative to that approximated
groundstate as a physical vacuum. For this reason
we define projection operators A} and A% for all
lattice points p. The A} picks out the Mp one-elec-
tron-functions wp; () which belong to the valence
bands, and A} the mp functions, which belong to
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the conduction bands. They have the form

4
- }n p =number of
A = ‘1 electrons
o which belongs
"0 to the valence
bands,

1
1', }mp = number of (3.1)
‘1

electrons
which belongs
to the conduc-
tion bands.

It have
Ap + A5 =1; AL AL =A% AG=0;
AE AY =Afs AR AR =AE. {3.3)

Of course, this decomposition in A} and A% is
not the only possible one. For particular lattice
points, e.g. in perturbated areas of the crystal, we
are able to make another decomposition. However,
the former point of view is useful in the case of an
ideal crystal. Here the choice of Wannier-functions
for the localized wp; allows the change to Bloch-
functions, if it becomes necessary.

The normal-ordering is most easily arranged in
the generating functional (2.1) with the aid of
formula

ei(A+B) = e}[A,B] eiA eiB . (33)

Analogously to (1.10) we define for this purpose
{Tmia?/n,f } =0,

) H {xmi, l}’n,} =0, {ymiwﬂ1}=0’

{xmi, IP:I-J}:(L {Z/mi%fj}=0'

(3.4)

Xm

am=U{
Ym

With that we find

C-4+B) = SaF D=3k ypue ()
p P ¥Yp

= % YP¥Yr+X3w5). (3.5)

Now insertion of A7 and A makes the following
decomposition possible:

A=:34p= % YrApwp +X3 AFwiE), (3.6)
14

B=:3Bp= %(yﬁziﬁwwrxﬁzlz‘fwﬁ)- (3.7)
P

Ap and B, plays the role of new creation and
destruction operators relative to the physical va-
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cuum | o)

Bp|0) =0, (0|4p=0. (3.8)

This “vacuum” may be a filled valence bandstate

lo) = I—[Hw i0) .
p i=1
| 0) is the bare vacuum state. (3.6) and (3.7)
inserted into (3.3) yields (3.10)

B =exp {2Zu Fyilp} @ .

(3.9)

(3.10)

Here is @ a generating functional of the normal-

ordered products. We define

(al@lﬂ) Z_ ZuP- . pn)

(3.11)

ﬁ;;&”(pl ..

where in analogy to (2.11) the
" (Py---
ments P;. Fp may be evaluated by using

[AP’ BP] =y'il;(/1L _AII/;)xP=% (x;":, y%)

“@-functions”

(3.12)

. 0 — [(AF—ARI\[Xp}  wp s o
(<AL—A}3) 0 (y,,) =upfpup.
with s T( 0 = (A% = 4L)
e LA AL
L 14
1o ((AE—4D) 0 )
=30 ( o T _ap_ap V- 313)

P.) are antisymmetrical in the argu-

k &
nl...nk) = z Z Wninn'm’é}k+2(n

i=1lnn'm’

o G

k

[

i=

M:-

1m'n’

ij

k A ~ ~ ~ A ~
+ Z'F,., [Ham, +Ban, + 2 (2 Wamnn—W nnan,) Fa] (—1)Pe k2 (n,...1/i...1/j...
ij n

k
=I5 Z' Z [2 F"anJ Wn‘n,n,

ijj m’

k A A w A
- Z [Fm ann.fnﬂlt' Fnj'Fn/ -
Wi =1

feeemfi..
_Z Z [ﬁﬂ(m' +§n‘m' + Z (2 an;nm’n = Wn‘nnm') fn]é\’h (nl ..
m’ n

! [2 fn, Wn‘njn'm’ S in; Wn’n.-n,-m' ] &k (n
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We use the definitions

-~ L A 4
A};=%U+<A"AE) U; A}.’=%U“(A” ) U.

Ap
(3.14)
Now we obtain
Fp=AL_AY. (3.15)
The following relations hold
Fi=—Fp; (AB)T=AF; (AD)T=24%. (3.16)

§ 4. The @-System

The transformation (3.10) yields a functional
equation for the generating functional @. It will be
enough to replace 9,by

On—>Dna=0n +Faila. (4.1)
Having taken into account the properties of anti-
commutators and traces, we find a functional-equa-
tion

(9, 1] 0) = (i, D) B | 0) (4.2)

which will be multiplied from the left and the right
by (a| and | #). According to the method necessary
to derive (2.12), we find the matrix system of ¢-
functions by comparison the powers of #ip. With
the meaning of m'/i; 1/j; 1/j” explained in (2.12),
the @-system becomes

.n;n' n)
mfi...ny)

1eeemfic N ]jL 1)

n;)

Fn, Wn,n,n, m’ + 4 Wn‘njnl m] ( - )P‘”

P my...mfi...1)j... 1/j ... n)

A~ ~
t Wanmnyng Fay](—1)%s

Pty 1)i.. . 1)j..

A7) ). (4.3)
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By means of restriction to a finite number of lat-
tice points and a finite number of functions at these
points, we find a maximum % for the order of the
¢@%s. Pauli’s law forbids at twofold action of the
operators in the normal-ordered products in @F.
Therefore, (4.3) becomes a system of high, but
finite dimension. This is of great importance for
further investigations with regard to the problems
of convergence of an infinite system.

We expect from the considerations of § 3, that a
good approximation is obtained by truncating the
system for small N > k. However, it is not im-
mediately obvious, how the different states are
generated in the various steps of approximation.
The discussion of the matrix elements in (4.3) and
the calculations of the first approaches demonstrate,
that we reach the expected states in the neighbour-
hood of the original state, which is fixed by a ¢-
transfonnatiorl that contains a suitable choice of the
projectors in Fp.

§ 5. Interpretation of Matrixelements and the
Lowest-Order Approximations

We obtain a first insight, if we cut the system
(4.3) after N =1. So we are left with

O PM) +3 Onn P(M) =0 (5.1)

where "
Hnm = Ham +Bam+ 3 (2 Wnnmn' — Wanwm) Fu
" (5.2)

The use of (1.13) — (1.17) and F p from (3.13),
and the insertion of I = AZ + A between the matrix-
elements of Bam gives

) U
with

B = U*(
Sjnmz Ham+ ff g [Anm (7)) Tr (Ann (75) AK,)

— Ann’(rl)AK' Anm (1) ] Irb’_"r

. | dr, dr, .
3= "2
H?lm:Hlﬂ;m; A}"HII:ATI’!I! (5-4)

the second row of (5.3) consists of the negative
complex conjugate matrix of the upper row. (5.3)
can be interpreted, if we suppose that the functions
wmi (1) in the matrixelements are determined by a
Hartree-Fock-approximation for an ideal crystal.
If we use the Wannier functions

Onm O

o _ (5.3)

Since

1 .
vmi (r—R,,) =I/N gbk; (r)e ik -m (5.4 a)
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where
bri () =uki (1) e'* 75 ugi(r+R,) =uk; (r)
(5.4b)
are Bloch-functions, we get with the aid of the trans-
lations 1's =7Ts+Rn(s=1,2) in detail

6(") =N S de’ bek(r )
o e h? A z }b (1") iK'+ (n—m)
om ° T [# —Rha[ K ¢

1 ’ 2 ’ ’
-+ WSS dry dr, Z Z (b (1)) bri (1)
b)) bi (1) ) —b (1‘1 ) bu; (1) (15 brn (1) ]
. _e__(:fm), = z e (k k )eik’~ (n—m) (5 5)
] rll_ 1'2, ’ N kk'kl ) . .
Here the summation over l, i include Bloch-func-
tions of the valence bands only, provided that the
AY are determined in a manner which covers the
manifold of valence-band-functions. If bx; and bk,
are themselves functions of the valence-bands, they

drop out in the summation over l, i. Variation of
(5.5) with respect to by subjected to ihe condition

[ bk (1) bag () dr = Ok ke Oy (5.6)

yields the 1ntegro-d1ﬂeren‘t1al equations of the
Hartree-Fock method. On the other hand, if the
bys’s are already determined by such a method,
we have instead of (5.5) the diagonalized form

S:\(‘]) z 6,"‘ (5“8”('6 k) ezk (n—m)
kk

N
z * (n—m)

k

(5.7)

or in matnxform, with diagonalmatrices & (k) =

E(k)T

Y == 1 ik+(n—m) +(E(k) 0 )

ni)nm N %e U 0 - g(k) U.
(5.8)

& (k) is the one-particle energy of an electron
in the periodic potential of all valence-band elec-
trons and all nuclei of the crystal. Therefore, it is
the energy of an additional electron, provided k
belongs to a function in a conduction band, or it is
the negative of a hole, if ke V. With (5.8) the
eigenwertproblem (5.1) is immediately soluble.
We define, in analogy to (1.10)

@(m)

M"’)=U+(zp (m)) T zw(zg)eik'm‘
(5.9)
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After insertion of (5.9) into (5.1), multiplication
1/VN e~ ik'm [ from the left and summation over
m’ =n —m, the system decouples in two parts

(wI+E(k))pr=0, (5.10a)

ok (wI-E(k))=0. (5.10b)
Besides the sign of £(K), (5.10b) is identical to
(5.10a). This fact will be revealed, when we cal-
culate energy differences, where in the first case
(10a) |a) means the starting state, here the
Hartree-Fock-approximation of the groundstate,
and | ) the additional electron state. In the other
case (10b), the roles of the states |a) and | §) are
interchanged. We conclude:

1339

1. The lowest approximation yields energy dif-

ferences between a starting state with n =2 np elec-
P

trons, represented by the entirety of the projection
operators A}, and the (n+ 1)-, respectively (n —1).
electron states in the neighbourhood of the first.

2. Every state with energy differences w4 is ac-
companied by a state with —w,z. Theorem 2 is a
general statement, theorem 1 can be generalized to
higher states, calculated by higher-order approxima-
tions. In which sequence such higher states appear,
is not yet clear, however, the treatment of an ex-
citon state in this paper gives some insight.

Now we look at the fourth expression at the right-hand side of (4.3). With (5.2) and the assumption
(5.8), which means that we use the Hartree-Fock functions, we obtain

kA
D Fu 98 (~1)Pe@*2 (my... 1fi. . 1ff. . .0) =

ij=1

P’l’l 0
__isrpt|tmm
--32'U ( 0 —Prn,

ij

33 (Fu 82 — 89 Fu) (—1) P
ij

A (VI VU V) B 118

)Ue“"“‘i“"i’ (—1)Poih2 (ny...1fi.. . 1ff. . ),
Pamy = (AE —AY)E (k) — E(K) (A — Ar).

(5.11)

In case the A% and A} are all identical for every ®, as in (5.5) where we transformed to Bloch functions,

(5.11) vanishes.

§ 6. The Resolvents of the Ideal Crystal

For the calculation of boundstates it is useful, and generally necessary, to compute the inversion of
the one-electron part in (4.3). If the crystal is not largely disturbed, it is enough to invert the part, which
belongs to an ideal crystal. For this purpose we write (4.3) in the form

~

k ~ 2
o PF(n, ... .n) +~Zl g@S.{.’,.<pk(n1...m/i...nk)zk(nl...n,,)

(6.1)

where 53(") is the one-electron energy of an ideal crystal defined by (5.2) and (5.8). On the right-hand

nm
side stands

~ k N =
Rmy...m) = = 2 3 (Hum — Hiim

i=1m

YoEm,...mfi...n;) +RO(n, .. my)

(6.2)

meaning the difference between the one-electron parts of disturbed and ideal crystals, plus Ii", which
is the total of the remaining terms on the right-hand side of (4.3). Inverting the left-hand side of

(6.1)

Py .. .my) =26 (my—-n/,..
N1y ...Nk

we are faced with the problem to calculate the resolvents G(m,—mn,/,

.,nk—nk’i(l)) R(nl,...nk,)

(6.3)

.., N;—mn; | w). For this

reason we define a new kind of projection operators I;, which projects out exactly the I-th one-electron

energy & (k) from the energy matrix € (K)

We extend the definition to

a I, A 0
+__ I+ " - __77% .
Il =U ( )U, Il =U ( II)U’

m+n

I E(Kk) =& (k) ; z%ll:l

where I=identity matrix
in m+n dimensional
space of energy bands.

(6.5)
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I-P4iy P- ;ip; =3I (6.6)
Thereafter we change to Fourier representation
¢F(n,.. VNk P(ley... Ky) ellar it .vkaem) (6.7)

and then we can write (6.1) in the following form

k
? T s (0+E(K) 0 ) "
Zl k;kk (1(1) XIg) X .o X L(z)( 0 o— E(ky) Upx.ooxIy
1

"YNE

The indices in the brackets indicate the position. Multiplication from the right with the projection operator
- AV S 2 o ,

VN"eXp{ i/ m+...+k’  n)} hi...i:=7]ﬁlﬁXlﬁx...xlﬁexp{_l(kl Myt AR M)

(6.9)

ek me ke m) 5 (e k) =R, ... 0. (6.8)

yields, after summation over my, My, ..., Ny
[0+ (Ley (By) + (Ze, (o) +... + (Lo (he))IPEE £ D (ke .. Key)
A~ 1 . 7 ~
=3 PiiE UNF exp{ —i(ky/ My +...+ ki n)}JR(m,...ny). (6.10)

ny...ng

Now we are able to divide the bracket on the left and then go back to the representation in configuration
space. With 3% as a symbol for summation over the 2% terms I X I x ... x I, we get
*

2 2 Pitt Iyl x...x1g (6.11)
consequently
0 ’ ’ 1 i’ i (kg (my—m Jex(mi—m
Cmy—n/,..r me—m o) = g 3 z Priy i expli (Fey- ( - )+ R -ny))
l l;‘ w + Z(+ ell(kl))

(6.12)

§ 7. Two-Body States

Two-body problems are covered by truncating the system (4.3) at N=2. Since @°= (a|B) does not
exist for w+0, in which case |a) +|f) and therefore (a|f) =0, the only equation for even k is

Pmn,) =36m, —n,/ ,ny—ny' |w) = R(n,/ny) (7.1)
with (6.2) and
?to(nln2) = — (2Fn,Wnln,nm +2Fn annnm +Fn Wnnn,m —Fn,Wnn,n,m )@ (m'n')
m'n
= ~of{ar,dey 3 {24k Dm0 00 B (7 —2 A5 A 13501 B e (1)
d Ty 1— T

+@(m’ n){/in. fznn,(ﬂ)/ln —An Ann ("1)/1 P — ZTI'(A am (T3) Po(mM n))} (7.2)

|r - 7'2

In order to arrive soon at some physical statements, priate Wannier functions may be highly localized,
we introduce a simplified crystal model, which con- so there is only little overlap between functions at
tains only one conduction band with band energy various lattice points. The idea of this concept is,
go(k) = ¢ (k) and three valence bands with ener- that we have a crystal with closed shells of ions in
gies & (k) =& (k) =¢3(K) = ¢p(k). The appro- form of p-functions and possible excited s-func-
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tions at the same lattice point. An example may be
KCl or NaCl. In our simplified model we will not
distinguish between functions in the shells fo CI-
and K*-ions.

With those restrictions we get

L p_ &
An =1y, An =21, foralln (7.3)
l=1
and approximately
Anm (1)~ Onm Ann (1) = : 8nm A(r). (7.4)

In the case of an ideal crystal, (7.2) is invariant
relative to translations m=mn; —n, and R becomes
equal to R°. We separate the centre-of-mass momen-
tum K by the ansatz

¢ (nymy) =1/VN 3 ox (n)e &N,

=i(n,+ny),n=n,—n,,
K=k, +k,, k=3(k —k,).

and obtain from (7.2)

(7.5)

Rimymy) =S fe mye®™  (76)

with
Re(m) = —2 SS dr, dr,

&2
— 75+ Rhn,
&2
— 73+ Rn,

AL A(ry)

{[2/1 A(rl) lrl an |

—2 A7 A(ry) o (7.7)

—Rnp, |
AV AYrg)] Pk (n)
+ 6"1"2 Z [;1[‘ 2 (rl) ;I'V
q
—iK-q

e

— AV A(r) A —5— e Tr (A (1) 3 (0)){-
[r—rt By

For the multiplication of G(nl—nl , My—MN, o)
with Rg , we note the following relations

(7.8)

R
and (3.16). Therefore, we get from (7.1)

Px (n) —Z( *+Ki +Ki* +Ki") (Cnk +Dnk )
(7.9)
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where
3 3
A L*x >L*
v Lo Xlo lgl i lzl %
a)+5L(1) +¢&1(2)

T oter(l) —er(2)’

T xdy A
i By x Sk

Kt = b1 .
w—ep(l) +e,(2) w—e (1) +ep(2)°
3 A A
0 X ZII, Z]lx+><]0_
Kk-= ly= =1 ,
w+er(1) —GV(-‘Z) T o+ep(l) —er(2)
211 X Zl. A Al
K;—_: 1 ' . _— IO XIO

—SV(l)—EV(2) w—er(1) —eg(2) °
e()=¢e¢(AK+k), ¢2)=:¢AK-k), (7.10)

k- (n—n) %
(an kl— - g% SS (A(rl))ki
2
| —1'62+R [(A r2))ll¢xw(n) dr, dr,,

(7.11)
k( —n’)

(an)kz =— Z On,0 SS (A(f1))u
e—1K

Z m Z (A (12) )]z(PKz] (0) d‘l’l dr2
(7.12)
The system (7.9) breaks up into four parts. This

can be demonstrated by application of the projec-
tions /* x I* and the use of

PAP- U+(A 8)1], I‘AI‘=U+<8 _ZT)U,
(7.13)
FAF T AF=0 (7.14)

We define
prei— (x5 (7.15)

and get at first

k" (n) = SKi*Cax  where Cnk =Cnk (),
(7.16)
and secondly
¥k (M) = 2 Ki Cnk  where Cnk =Cnk (¢7),
(7.17)
since with (7.14)
Ki*Dnk =K Dnk =0. (7.18)
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We want to prove that (7.16) changes to (7.17)
by transposition and replacing @ by —. That
means, both systems contain the same solutions
with the only difference, that the role of |a) and
| B) is exchanged. An exact analysis, analogously to
§ 8, shows that (7.16) and (7.17) describe the
interaction of two additional electrons as well as the
interaction of two defect electrons. Both are weakly
coupled.

Another situation arises from the remaining two
systems

& (m) = SKi™ [Casc (5 + Dk (3,67 1)1,

(7.19)
Px = 2 Ki' [Cnk (97*) + Dk (9", &) 1.
k (7.20)
They are coupled by
1‘:;: (¢+ i :P_+) .
) Z ik.(n—n')ggl A(r)l e2e iK-q
= —On e —
* Y Ir -1+ Re!

Tr (1" A(r) I 3% (0) +I* A(r) I* $5(0)) dr, drs .
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By inspection we find the symmetry
P tm)= —(@* (-m))T (7.22)

provided that we describe the direct product @~ *
by a matrix. The property (7.22) can be used to
decouple the two systems (7.19) and (7.20). Both
of them have the same solution with positive and
negative energy differences.

§ 8. Model of an Exciton in Lowest-Order
Approximation

We consider the system (7.19), which we multi-
ply by Uy x Uy . The left-hand side becomes

Uy xU) Pk (n) =: pic (n) .
=(g o m=m (g 7)=(c ") @

where we have assumed, as in (7.22) that ¢ gx(n)
is described by a quadratic matrix

(7.21) px (M) =U px(m)UT. (8.2)
®E (n) is also a matrix, which satisfies the equation
3
oE(m) = i S S ek (a-m) S SS dr, dr,
Nw¥w r=1
1 e>
{w#&}ﬂﬁﬁ)_ey( 1K k) tI°A(r‘)¢‘(")A(r’)11 —fy+Ro|
e e —iK
—Owr0lyA(ry)1, Z Tr *;::qu Tr (A(rf,)sz(O))]
,1 E e
o+ep(AK+k) —SL( K_k) [IrA(rx)‘PK(n)A(rz)Io :1'1—1'2+Rn'!
—iK
— 0w, A(T1)Ioz Tr (A(r,)sz(O))} (8.3)
E 1—"0 +Ryq|
Here r is restricted to r=1, 2, 3. We have used
AL A ~A_ A B I, 0\[A(r)) 0 )(0 gvx(n)) H (A(r,) 0 )
+ p + _ _q7t|70 1 7
IyFA(ry) xI,”A(ry) 9~ (m) = - U (O O)( 0 —A%(r) 0 vvu 0 —Ar(ry)
.(Ir 0>UUTUH _ U+(0 loA(rl)fpx(n)A(n)I) (8.4)
00 0
and
A - N ({0 0\/4 0)\(0 " +(10'(14 O)
Te (- A1 3% + 1 A1 mK)_Tr(—U (01 o —a)lomyr o) v olo _ar
E
(0 &) v*) =Te (BT AT+ AgR) =2 Tr (4 o (55)
(8.3) shows that @f (n) is composed of two parts
Pk (n) = zx (N) +yx (M) (8.6)
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k(M) =ALgg (M) AV =3 I, gE (M),  yx(n) =AY gE(n) A er gk(m)l,. (8.7;8.8)
r

Therefore, (8.3) consists of two coupled systems in the variables (8.7) and (8.8). For their treatment we
make some assumptions: To compute the matrix elements we choose real functions. Let wno(7) be an
s-function and let w,, (T') be three p-functions, whose angular part is described by spherical harmonics of
first order. We also expand the Coulomb potential in spherical harmonics, and then, we get by integration
of the matrix elements

2 DL 0
rTe ) m+0,
SSdTl deloA(rl)]ome—mI,A(rg)l,’= & IRn| ) (8.9)
17 T T s 8,,e2Cy; C;>0 n=0,
) 2 C —‘f—(|R 28, —3X,X7); n+0
“ deydey Ly A1)l I AP}l =1 O TRap VT O oAl BE D410
. 71— 72+ Ra| 8, Coe?; M=0;Cy>0, C;>0.

X", are components of R ,

e?
dryde, IpA(r) ], D+~
|| aryarsto i 21 —1,+Ry)|

Tr (I A (r)1y 2(0) + I A(75) Iy 9 (0))

=0n,0 0,y € Cs (20-(0) + vr0(0)) .  (8.11)
8 1

oxXr ox- n

lattice and only one contribution is left for § =0. The constants C,, C,;, C, arise from the calculation

of the radial part in the chosen electronfunctions. In the case of K=0 we obtain for the various com-

ponents under use of (8.9) — (8.11) the equations

Zor(M) = 3 g(n—n'|w)e?

In (8.11) we have used that the sum over all quadrupoles vanishes for an ideal

{Tﬁ zor(M) + Z iR ls (| Rw >~ 3 X3 X0 ) o (M) (1= Ony0) +Ony0 (CI_C2)XOr(O)]’ (8.12)

Yo (M) =§ gn-n'|—w)e?

" {] Rl,.l Yro(M') + ;*——] 15:45 (|Ra [2—3 Xp X7 ) 2or (W) (1 — 8n,0) +8n,0(Cy— C2)11Ur0(0)} . (8.13)

Here we have

gm—n'|w) ~UN 3 explik (n-0")}/(w+en(k) —er (k) , () —e(~K).  (814)

Approximations for this Green’s function can be calculated by introducing approximations about lattice
structure and the form ¢;(K) and ey (K). For a first inspection we omit the quadrupole coupling between
z(M) and y(m). We recognize that in both equations an electron-hole state arises with Coulomb poten-
tial as interaction:

Zor (M 29 n-n'|w)(e/|Ra )2 (M),  yr(m) =§g(n—n’]w) (/| Rn )0, (m'). (8.15, 8.16)

In an effective mass approximation for the one-electron energies (8.14) we are able to reduce (8.15) and
(8.16) to a hydrogen problem*. The difference between these equations is merely that their solutions
belong to opposite energy differences. Quadrupole coupling splits the spectral lines. But is can be shown
that the whole system (8.12) and 8.13) depends only on w?, which we expect from the fact that the NTD-
system contains pairs of solutions of @ and —. The quadrupole terms describe a form of screening,
however, it is not identical with the screening of the Coulomb potential calculated by other authors 4. It is
the next higher-order approximation that yields such an effect.
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§ 9. Screening of the Coulomb Potential by Polarisation

The next approximation for the even part of (4.3) demands a break-up at N =4 and yields real cor-
relations. Equation (7.1) will be completed by
12("1 ny):=> l%n,m-'m' Ptm' nyn' n) + Wopnnm @(nym’n'n) (9.1)
nn'm’
e 2
R zggdfs dr, (A nn, (T3) T T | An n (1)) P(nym,n’'n') +An ., (7'3) T"——’A wn (1) @ (M nym’ n’))-
3

n'
The latter holds with (7.4). Refering back to (7.9) we are interested in the projection

K= (nymy) = (I xIg)K (nymy). (9.2)
The components ¢* in (9.1) are determined by (6.4) with k=4. We note, that the coupling to ¢® is cut
off by the truncation at N =4. In particular we find

Pmn,nn) = > Cm,—n/,... n,—n/|0)R® (n/...n/). (9.3)
n'...n/
R® contains only the coupling to ¢* and @2. For a first treatment it may be enough to take along such
terms, which give a coupling to the @*’s. There remains the following part

R® ~R®(n,...n,) =

4 A A A A A ~ -~
= Z Z [2 Fm Fn;Wn,-njn,’m' ——Fnj Wninjnj’m’ Fn,’+ i‘ Wn,-n,—n,-'m'] (- l)P”l 632 (o s m’/i .

iji'=1 m’

4 ~ A - 2 e
=83 2 SS dz, dr, (A{‘u An;nj'(rl)AKj’ h‘JT—] AR, Anan (ry) +
1—Te

ijj’=1m’

(94)
A () 11—21-| Ar, A (rz))<— NP2 (omfi..).

(9.4) contains twelve terms without counting the permutations. An analysis shows that only two terms
cover long-range interactions in M, — M, |. With respect to (7.4) they are summarized by

A~ A~ ~ P 2 PN A~ o
R(W) (”1 n, n; n4) =16 SS d‘El d’[g (Aﬁ‘ Anzn, (1'1)/1;7‘ ﬁ (/1%.1 An|n‘ (rz) —I—jlﬂz An,n, (r2)) +

A -~ 2
+AK,An3n,(TI)A [ (An‘An n‘(ro) +An,An n,(ra) )) (ny no) 6n, ng . (9.5)

I

According to (9.3) the next step is the application of the Green’s function (6.10) upon (9.5) and the
computation of the projection (9.2) with the aid of (7.8). By use of symmetries we get an expression
for the long-range interaction (without self-energy terms) of the form

~ — 1 ei[kx . (nl_nx,) +kz B (nz_nzl) + (k3+k‘) . (n,_na)]
-5t ]
(n,n,) N4 k,z k M oMty [Ty =1y [y — 1]

n'...n',n’

3 It Anemy (1) I $ta7nn 17 Anm, (1) T
Tr Ann T I A § I+ { 1 + Py ny) L, 2 3
g ( 4) 0o Anyny T4) ) ";:1221 @+e5(1) __81!(2) +ep(3) —ep (4)

I* Ann, (v) It §*~ () )T Anpmy (r) I 1 Anyny (1) 1 3~ 1) I A, (r5) T*

H Er: ®+&,(1) —ep(2) +e1(3) —ep(4) + Er: o +ep(l) —&,(2) +ep(3) —en(4)
I* A, (1)1 $*~ (0, 1) T Animy (7'2)10} o . (96)
= 0 +6.(1) —e5(2) +67(3) — 1. (4) dry...dry; e(@)=e(k;), i=1,2,3,4.

(9.6) may be evaluated with the aid of those kinds of considerations, which produced the results
(8.9) — (8.11). We want to take into account only such terms which contribute pole terms in the brackets
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of (9.6), and in the trace term we keep a product of two dipoles. One can write the result in the follow-
ing form

C 8 4C £ » ’ 4 ’
R*=(mymy) = = =00 3 bny,mgexp{ilhy (= 1) + K (0 —1) 4 (g +Feg) - (0 —my) ]}
.{(Rn,f M) (R, R | (" x 1,3~ (' ny)

|Rn; —Rn; [|Rn, —Run | \&; @ +¢1(1) —&,(2) +e(3) —er(4)

(ir+ X il,) a’+ _(nll n2’) ) (Rn,; — Rn,') * (Rn, —Rn)
i 0 +&y (1) —&,(2) +ep(3) —ep(4) | Rn; — Rn,|| Rn, — Rn'|
( (I x I 3~ (ny' my) 4yt x1y) 3~ (n) ny)) )} (9.7)
hr 0 +e,(1) —ep(2) +e0(3) —ep(4) L7 @ +&,(1) —en(2) +ep(3) —ep(4) '

Since we are interested in completing the Eqs. (8.15) and (8.16) the terms

tor= (UxU) (s*xI)9* and yo= (UxU) (I xI)3* (9.8)
become relevant. Therefore, the Coulomb interaction on the right-hand side of (8.15) will be supple-
mented by the term

8 84 C02 €exp {i[kl * (nl == nl,) + k2 ° (n2 — n2’) + (k3 + k4) ® (n’ — n3,) ] }

R (W)+ - _ _ ,
K @ms) M2 O w+e(1) —er(2) +22(3) — ep (4)
n’'...n/,n
(Rn.'— Rnl’) ) (Rn2 = Rn’) (Rm' —Rn,’) ) (Rn‘ = I{llilw} )
[Ray —Ru/||[Rn—Ru| | |Ru—Rn||Ra—Ra| |2rMT) 09

and (8.16) by the same expression with — instead of w. To evaluate (9.9) we make some substitutions

n'=n,-p; n,’=m,—q; n;’=n"—m. (9.10)
Then we get
K= (nymy) — — 22 G0 explille; p + Ky q + (Ie; + k) ~m]}
o r Nk kpgm ©+ep(l) —ep(2) +e0(3) —ep(4) (9.11)

. z{(Rn'-—Rm —Rn‘ +Rp) = (Rn,—Rn’) (Rn'-—Rm —an——Rq) e (Rn| —-Rn‘)
| [Rw—Rm —Ra, +Bp||Ra,—Ra] ' |Bu—Rum —Ra,—Rq]|Ra,—Ra

The sum over N in the brackets of (9.11) can be mastered by passing over to integrals and using the
properties of potential functions’. The result is

5 (Rw—Ra): (Ry—Rn) _ 47 1
n |Rn —Rg||Rp— Rn| d® |Ra —Rp|’

d = distance between nearest neighbor ions.

+ }Xor(nl—P, n,—q).

(9.12)

We transform to centre-of-mass coordinates and use
N=3(n,+n,); n=(m;—n,); S=3(p+q); 8=(P-q),
=(ky+ky); K =3k —-ky); K'=(k;+ky); Kk’ +5(k;—k,, (9.13)
and the Fourier representations
KM*-(m;n,) = — s S K®(m)eXN; y(n—p,n,—q) = " > yx(m—8)eE™S  (9.14)
VN K VN K

(9.14) yields
1

K(}V)(n)=— 864602 4.7'[ Z Z exp{i[K,‘S-i—k,'s+K”'m—K‘S]}(
or Nt & kK Kk ssm |Rn —Rm —Rs—3R,]|
1 7x(—$) (9.15)

+|R,. —Bm +Rs—%R.l)w+eL(%K'+k') ~ ey (K —K) + et GK"+K") — ey (3 K" —K")
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By restriction to K=0 we get with the Fourier representation of the Coulomb potential

1/|Rn|=(4x/d3N) 2 ek /| k|2 (9.16)
k
and with the additional substitutions
M=3m+S); P-K+K’; L=-3K-K"), (9.17)
the following expression
402 RO | _Q)pik's
K(W) (n) == 4_;1_&??907 Z *172_ 1 ’ it (1n s,)XOr (n 1 8)e 77 1 77
or d N ks |L? o+e,(BL+K)— ey(BL-K') + e(3L-K"”) —ey BL+Kk")
(9.18)

In L we have to sum over the whole reciprocal lattice, while the summation over k" and k" covers only
a basic cell in the reciprocal lattice.

For reason of simplicity we do not want to diagonalisize the whole problem (8.15) plus (9.18), but
calculate (9.18) just for § =0. In addition we assume for the energies ¢ and ¢y only next-neighbour-
interaction in the cubic primitive lattice. In this case

3 3
en(k) =eL(0) —a? > cosk;d; ey (k) =ep(0) + b2 cosk;d . (9.19)
i=1 i=1

We define 4=¢1,(0) —¢p(0) and choose for simplicity b= a. By changing the summations to integrations,
we get

1
9 7558 1 -1 cos(Fx'n>x(n)
e e T
bF ’ A . w+2A—2a22]cos%x,-(cos<p,—+costpi')

To recognize the law of interaction for the distance |1 |=n, we use for the integrations in ¢ and ¢’ the
average value theorem of calculus. Employing symmetry properties we find

) 1
dta X? o+24—4a%cos& (2 cospx)

-0

KO () ~ —
or

Here & is a value in the closed interval [ —,1]. We choose the approximation X cos$ z;=3 — 1 &% and
then we are able to integrate (9.21) in spherical coordinates !

32etCy25 _
KO (0) ~ — — oty —1—(1—ex (—‘nll/‘”m_lz“zcosf)) (9.22)
or  d3(w+24-12a2cosé) |n|\ P~ a®cos & ’

Thus, the additional interaction term (9.22) screens the Coulomb potential in the case of long-range
distances. For short distances it approaches a constant exponentially 8.
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